Assn 9

11.

13.

15.

. Let P = P(t) be the population at time ¢, and Fy the initial population. From dP/dt = kP we

obtain P = Pye. Using P(5) = 2P we find k = £In2 and P = Re"2%/5. Setting P(t) = 3P

we have 3 = (In2)t/5 5o

~ (In2)¢ ~ 5In3
n3 = and =3~ 7.9 years.
Setting P(t) = 4Py we have 4 = ¢(02)t/5 5
In 2)t
Ind4 = ( n5 ) and t ~ 10 years.

Let P = P(t) be the population at time t. Then dP/dt = kP and P = ce**. From P(0) = ¢ = 500
we see that P = 500e*". Since 15% of 500 is 75, we have P(10) = 500e'% = 575. Solving for k, we
get k = %ln % = %ln 1.15. When t = 30,

P(30) = 500e(1/10)n1.18)30 _ 50,3115 _ 760 years
and

P’'(30) = kP(30) = %(ln 1.15)760 = 10.62 persons/year.

Let A = A(t) be the amount of lead present at time ¢. From dA/dt = kA and A(0) = 1 we obtain
A =e*. Using A(3.3) = 1/2 we find k = 55 In(1/2). When 90% of the lead has decayed, 0.1 grams

will remain. Setting A(t) = 0.1 we have ¢1/33)10(1/2) — 0 1, 50

iln1 =1In0.1 and t= 33n0.1 ~ 10.96 hours.
33 2 In(1/2)
Setting A(t) = 50 in Problem 6 we obtain 50 = 100e*, so
1 In(1/2)
kt =1n = d t=-—=——"— =136.5hours.
g (1/6)In0.97 s

Let I = I(t) be the intensity, ¢ the thickness, and I(0) = Iy. If dI/dt = kI and I(3) = 0.25]j, then
I = TIpe", k= 1In0.25, and I(15) = 0.000981;.

Assume that A = Age? and k = —0.00012378. If A(t) = 0.145A4 then t ~15,600 years.

Assume that dT'/dt = k(T — 10) so that T = 10 +ce**. If T(0) = 70° and T(1/2) = 50° then ¢ = 60
and k= 21In(2/3) so that T'(1) = 36.67°. If T'(t) = 15° then ¢ = 3.06 minutes.

We use the fact that the boiling temperature for water is 100° C. Now assume that dI'/dt =
k(T — 100) so that T = 100 + ce’. If T(0) = 20° and T(1) = 22° then ¢ = —80 and k =
In(39/40) = —0.0253. Then T(t) = 100 — 80e~"925% and when T' = 90, t = 82.1 seconds. If
T'(t) = 98° then t = 145.7 seconds.
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17. Using separation of variables to solve dT'/dt = k(T —T,,) we get T'(t) = Ty, + ce**. Using T'(0) = 70
we find ¢ =70 — Ty, so T'(t) = T, + (70 — Tm)ekt. Using the given observations, we obtain

1
T(E) =T + (70 — Tp)e"? = 110

T(1) =T + (70 — T )e* = 145.
Then, from the first equation, /2 = (110 — Tp) /(70 — T3y, ) and

E’k _ (ek!ﬁ)?: (IID—Tm)Z B 145—Tm

0-T,/) 70-T,
(110 — T,,,)%
g 145 — Ty,

12100 — 220T}, 4+ T2 = 10150 — 2157y, + T2
T, = 390.
The temperature in the oven is 390°.

19. Identifying 75, = 70, the differential equation is d7'/dt = k(T — 70). Assuming 7(0) = 98.6 and
separating variables we find T(t) = 70+ 28.9¢*. If t; > 0 is the time of discovery of the body, then
T(t1) =70+ 28.6e*1 =85 and T(t; + 1) = 70 4 28.6*11+1) — g0,
Therefore ¥t = 15/28.6 and e*("1+1) = 10/28.6. This implies
k_ 10 g, _ 10 286 2

©T%®6° T 286 15 3
so k =In2 ~ —0.405465108. Therefore
1. 15

Death took place about 1.6 hours prior to the discovery of the body.

21. From dA/dt = 4 — A/50 we obtain A = 200 + ce %50, If A(0) = 30 then ¢ = —170 and
A =200 — 170e%/50,

23. From dA/dt = 10 — A/100 we obtain A = 1000 + ce~*/1%_ If 4(0) = 0 then ¢ = —1000 and
A(t) = 1000 — 1000e~/100,
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25.

27.

29.

31.

33.

35.

From

dA 104 24
72 T T B VA Ty

we obtain A4 = 1000 — 10t + ¢(100 — t)2. If A(0) = 0 then ¢ = — . The tank is empty in 100

minutes.

From
dA 44 24

dt " 100+ (6 —4)¢ = B0+t

we obtain A = 50 + £ + ¢(50 4 £) 2. If A(0) = 10 then ¢ = —100,000 and A(30) = 64.38 pounds.

Assume Ldi/dt + Ri = E(t), L = 0.1, R =50, and E(t) = 50 so that i = %—i— ce=0t Tf §(0) =0
then ¢ = —3/5 and lim;_ . i(t) = 3/5.

Assume Rdq/dt + (1/C)q = E(t), R =200, C = 10~%, and E(t) = 100 so that ¢ = 1/100 + ce—>",
If g(0) = 0 then ¢ = —1/100 and i = $e 5%,

For 0 < t < 20 the differential equation is 20di/dt + 2¢ = 120. An integrating factor is et/10 5o
(d/dt)[et/1%] = 6410 and i = 60 + c1e /10, If i(0) = 0 then ¢; = —60 and i = 60 — 60e /10,
For t > 20 the differential equation is 20di/dt + 2i = 0 and i = coe~%10. At t = 20 we want

coe™2 = 60 — 60e~2 so that co = 60 (92 — 1). Thus

60 — 60e /10, 0<t<20
i(t) =
=1 60 (e? _ 1) e t/10 ¢ > 20,

(a) From mdv/dt = mg— kv we obtain v = mg/k+ ce */™_If v(0) = vy then ¢ = vy — mg/k and

the solution of the initial-value problem is

v(t) = % ('Ug - ?) e~kt/m

(b) Ast — oo the limiting velocity is mg/k.
(c) From ds/dt = v and s(0) = 0 we obtain

m T m m m
()=t~ (w =) M+ T (w - 5).
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39. (a)

(b)
(c)

41. (a)

(b)

43. (a)

(b)

The differential equation is first-order and linear. Letting b = k/p, the integrating factor is
bedt,/ bt4rp) {;'"El + bf,') Then

d 3

= (ro +bt)3v] = g(ro +bt)* and (rg + bt)%v =70
The solution of the differential equation is v(t) = (g/4b)(ro+bt) +c(ro +bt)~3. Using v(0) = 0
we find ¢ = —gr{/4b, so that

4 4
‘ g gro 9P k grry
olt) = g lro+ b) — 505 — 4k ik pt) Te(ro + kt/p)?

Integrating dr/dt = k/pwe get r = kt/p+c. Using r(0) = rg we have ¢ = rg, so r(t) = kt/p+rop.
If r = 0.007 ft when t = 10s, then solving r(10) = 0.007 for k/p, we obtain k/p = —0.0003 and

r(t) = 0.01 — 0.0003¢t. Solving r(t) = 0 we get ¢ = 33.3, so the raindrop will have evaporated
completely at 33.3 seconds.

I (ro + byt +

From dP/dt = — k)P we obtain P = FPye®1=%2) where Py = P(0).
If k1 > k2 then P — oc ast — oo. If ky = ko then P = Fy for every t. If k1 < ko then P — 0

as t — oo.

Solving r — kz = 0 for = we find the equilibrium solution z = r/k. When z < r/k,
dz/dt > 0 and when = > r/k, dz/dt < 0. From the phase portrait we see that
lim .o 2(t) = 1r/k.

win

From dz/dt = r — kx and z(0) = 0 we obtain = = r/k — (r/k)e™** *
so that * — r/k ast — oc. If 2(T) =r/2k then T' = (In2)/k.

r/'k
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