Assn 19

=

7.

9.

11.

13.

. Irregular singular point: z =10

Irregular singular point: = = 3; regular singular point: z = —3
Regular singular points: = =0, +2i
Regular singular points: = = —3, 2

Irregular singular point: = = 0; regular singular points: = = 2, 5

Writing the differential equation in the form
, T
=0
Y+ =g+ 7Y
we see that zg = 1 and zg = —1 are regular smgular points. For zp = 1 the differential equation
can be put in the form
1)2

(&~ 17" +5(z = )y +%

In this case p(z) = 5 and g(z) = z(x — 1)?/(z + 1). For 2y = —1 the differential equation can be

y=20.

put in the form
1
(z+1)%" +5(z + ljx——i_l Y +z(z+1)y=0.
In this case p(z) =5(x +1)/(z — 1) and q(z) = z(z + 1).

We identify P(z) = 5/3z + 1 and Q(z) = —1/322, so that p(z) = zP(z) = %—i— z and g(z) =
r?Q(z) = —%. Then ag = % , bp = —% , and the indicial equation is

. 5 1 o 2 1 1.5 _l 1V _

r(r— 1)—|—§r 3=" —|—3r 3= 3(3r +2r—1)= 3(3r 1)(r+1)=0.

The indicial roots are % and —1. Since these do not differ by an integer we expect to find two series

solutions using the method of Frobenius.
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Assn 19

+r

15. Substituting y = Y p—y cpx™" into the differential equation and collecting terms, we obtain

2xy” —y + 2y = (2?‘2 - 3-r) coz” ! + Z 2k +7 —1)(k+7)cp — (k+7)cp + 2c5_4]z"" 1 =0,
which implies
2r2 —3r=r(2r—3)=0

and
(k+7)(2k+2r — 3)cg, + 2¢,_1 = 0.

The indicial roots are r = 0 and r = 3/2. For r = 0 the recurrence relation is

2ck1
= - k=1.2|3|..-|
%= Tk(2k —3) ke
and
4
c1 = 2¢p, co = —2cp, €3 = 5o;
and so on. For r = 3/2 the recurrence relation is
2c;_q
g =———, k=123,...,
b2k +3)k o
and
2 2 4
1= 5‘303 c2 = 3550; 3= 94500

and so on. The general solution on (0, o) is

4 2 2 4
_c (1 op _ 92 1 2.3 ) c 3,!2( 2.2 %03 )
Y 1|1 +2z -T—i-gi‘—i- + Cax 51'4-35-1' or +
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Assn 19

17. Substituting y = Y0~y cpz™ " into the differential equation and collecting terms, we obtain

1 T .
4ary” + Ey!—l—y = (4-r2 — Er) Ly Z [ J(k+r— e+ (k—i—r}ck—i-ck 1} ktr—1

= U!
which implies
7 T
4r? —Er—r(zlr—a) =10
and
1
5“6 +r)(8k +8r — T)eg + ¢y = 0.

The indicial roots are r = 0 and r = 7/8. For r = 0 the recurrence relation is

2ep_1q
cp=——"—, k=1,2,3...,
TRk =) o
and
2 4
c1 = —2cp,  C2=—Cp,  C3=——Cp,
9 459
and so on. For r = 7/8 the recurrence relation is
2c, 1
= ——— . k=1|2|3|---|
* = T B+ Tk Il
and
2 2 4
g =——q, C=-——C, (3=— co
15 345 32,085
and so on. The general solution on (0, o) is
_ 25 4 4 7/8 2 2 2 4 3
y—Cl(1—2$+§m —ﬁ:c + - )—i—Cg:c l_ﬁm—i_ﬁ 32,085&: + .
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Assn 19

19. Substituting y = Y0~y cpz" " into the differential equation and collecting terms, we obtain
3oy + (2 —2)y —y= (3-?'2 — -r) coz" !

+ i [B(k+r —1)(k + r)cx + 2(k + r)eg — (k + r)ep_q 21
k=1

=0,
which implies
3 —r=r@3r-1)=0
and
(k4+7)(3k 4 3r — 1)cg, — (k4 7)ep_y = 0.

The indicial roots are r = 0 and r = 1/3. For r = 0 the recurrence relation is

Cp—1
= ., k=1,23,...,
T S

and
L] 1 1
1= QC‘D* 82_ 1080‘1 3 = SDCO‘*

and so on. For r = 1/3 the recurrence relation is

ck=c‘3i:, k=1,23,...,

and
o] 1 L

and so on. The general solution on (0, ~0) is

(
1 1 1 1 1 1
20(1 - — g2 g3 ) C 1f3(1 - —p? 3 )
y 1 —I—Ql"—l—mi‘ —i—SDSC + + Caz +3$+181‘ +162$ +
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Assn 19

+7

21. Substituting y = 372 cpz™ 1" into the differential equation and collecting terms, we obtain

s ]
2ry" — (3+22)y +y= (2-:-*2 — Sr) coz" 1 + S R(k+r)(k+r—1)ck
k=1

—3(k+7)cp —2(k 4+ — 1)ep_1 + cp_q]at" 1

= U!
which implies
o2 _ Bp = r(2r —5) =0
and
(k+r)(2k +2r — B)eg — (2k + 2r — B)ex_1 = 0.

The indicial roots are r = 0 and r = 5/2. For r = 0 the recurrence relation is
(Qk — 3)6_;;_1

Cp = Rk —5) k=123 ...,
and
1 1 1
0= 500, 2= _ECO’ c3 = _ECD"
and so on. For r = 5/2 the recurrence relation is
2(k + 1)cg_q
%= rE s E=1,2,3,...,
and
4 4 32
€1 = ?Cﬂ‘r g = ﬁcﬂ-‘ €3 = @C‘Dv
and so on. The general solution on (0, o) is
y=0C (l—i-%x—%:c?—%xs'—i----) + Coz5/? (1+;m+%r2+%x3+---).
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Assn 19

23. Substituting y = 372 cpz™ 1" into the differential equation and collecting terms, we obtain

922" 4+ 922y + 2y = (9-:-*2 —9r + 2) cox”

oo
+ S0k + ) (k + 1 — 1)e + 205+ 9(k +7 — 1)cg_yg]2t*"
k=1

which implies
92 —9r+2=(3r—1)(3r—2)=0
and
O(k+r)(k+r—1)+2lck +9(k+r—1)cp_1 = 0.

The indicial roots are r = 1/3 and r = 2/3. For r = 1/3 the recurrence relation is

(3k — 2)c
=——————= k=1,23,...,
o k(3k — 1) e
and
o] 1 e T
and so on. For r = 2/3 the recurrence relation is
(3k — 1)ck—
=———— k=1,23...,
* k(3k+ 1) s
and
o] _ 5 1

and so on. The general solution on (0, o0) is

11 7 1 5 1
—C 1f3( rpa g2 L 3 ) C. 2f3(1__ i B )
y=tz st Tt to) TR 5Tt "ot T
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Assn 19

25. Substituting ¥y = Y72 ¢,z" ™" into the differential equation and collecting terms, we obtain

o) +2y — 2y = (-r'2 + -r) cor™ ! + (-r2 +3r+ 2) az”

oo
+ 3[4 ) (k7 — Deg+ 20k + r)eg — cpgla®
k=2
— 0,
which implies
r2+r=-r(r-|-1) =0,
(.r2 + 3r 4+ 2) c] = U!
and
(k + ?":][:k +7r+ l)Ck — Cp_9 = 0.
The indicial roots are r; = 0 and ry = —1, so ¢; = 0. For r; = 0 the recurrence relation is
Ck—2
=—, k=234,
* T REk+1) 34,
and
1
cg=cg=cr=--=0
1
Cq = ECO
. 1
T
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Assn 19

For r9 = —1 the recurrence relation is
Cr—2
o = ., k=23,4,...,
* T k-1
and
1
g = ECG
Cy = Cp = C7r = =10
1 2t
Cq = Et_g
1
= o.
Can (2‘1’1)' 0
The general solution on (0, co) is
- 1 2 RS
= " + Cox "
Y 1,,;,(2%1)! 2 RZZ:D[Q'H)!
1 = 1 on+1 = on
_ — ‘r ;
2| &= et ) 2?;](2 )l

- %[Cl sinh z + Cy cosh z].
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Assn 19

+7

27. Substituting y = 372 cpz™ 1" into the differential equation and collecting terms, we obtain

oy —xy 4y = (-rﬁ — -r) cor” " 4+ § [(k+7+1)(k+7)cpe1 — (k+7r)ex + cxlz* ™ =0
k=0
which implies
rP—r=r(r—1)=0
and
(k+r+1)(k+r)cgyy — (E+71— 1) = 0.
The indicial roots are 7y = 1 and r9 = 0. For r{ = 1 the recurrence relation is

- . kc;c
T )kt 1)

and one solution is y1 = ecpx. A second solution is

—f—lda: T 1 1 1
y2=:cf7€ 3 dxzxfz—zd;,":xfﬁ(1+$+E$2+§$3+“')d1‘

k=0,1,2,...,

—xf(1+1+1+1x+1:32+ )d:r—:ﬂ[ 1+1nx+1$+1x2+1$3—|—
N 22 T T2 34l T T 27 112 72

1 1 1
—grlnr—14+-—r2+ 31 — 44 ...
zlnz +2:r +12:~: +?2:c—|—

The general solution on (0, 00) is
y = Ciz 4 Caya(r).

Page 9




Assn 19

29. Substituting y = 352 cpz™ 1" into the differential equation and collecting terms, we obtain

4]
zy’ +(1—z)y —y=ricoz" '+ S [(k+7r)(k+7 — L)ex + (k+7)cx — (k+71)cx—1]z"" 1 =0,
k=1

which implies % = 0 and
(k+r)c, — (k+7)cp_y =0
The indicial roots are 1 = ro = 0 and the recurrence relation is

q:CZH k=1,2,3,... .

One solution is
Il 5 1 4 >
1 =cp 1+:r+§3: tge ) =@e
A second solution is

e— J(1jz—1)dz . [ €5/ S
y2=y1dem=e [ o dr=¢ f—e dr

T
1 1 1 1 1 1
=e‘”[5(1—$+§x2—gx +---)dx=e”[(;—1+§$—§x2+---)d:ﬂ
1 1 © (1)t
T _ e . DT N T s on
=e {lnx oot gt Tt } e'lnr —e nZ=:1 "

The general solution on (0, co) is

_ . - =] (_1)n+1 0
y=Cie® + Coe” [Inz — ) ——2"].

- nl
= n-nl
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Assn 19

31. Substituting y = 372, ¢, 21" into the differential equation and collecting terms, we obtain

(s o]
2y + (z —6)y — 3y = (r2 — Tr)coz” ! + S lk+r)k+r—1)ce+ (k+7r—1)cp—1
k=1

— 6(k +7)cp — 3ep_q1]2* L =0,
which implies
-:-*2—7’?"=r(r—?)=0
and
(k+r)(k+r—Tecp+(k+r—4)cp—1 =0.

The indicial roots are r{ = 7 and ro = 0. For r1 = 7 the recurrence relation is

(k +Tkep + (k+3)ck_y =0, k=1,2,3,. ..,

or
k+3
cp=————0C_1, k=123 .. ..
Taking ¢y # 0 we obtain
1
81——503
5
Ca ISCO
1
83=—EOD

and so on. Thus, the indicial root r| = 7 yields a single solution. Now, for 79 = 0 the recurrence
relation is

k(k —T)ep + (k —4)cp_y =0, k=1,2.3,....
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Then
—b6cy —3cp=0
—10e9 — 2071 =0
—12c3 — =0
—12c4 +0c5=0 = c4=10
—10c5 +c4=0 = c5=10
—beg+2c5=0 = cg=10
Ocy 4+ 3cg =0 == ¢7 is arbitrary
and
E—4
= ——qc;_1, k=28,9,10,....
Taking ¢y # 0 and ¢7 = 0 we obtain
oy 1
1= QC{I
1
Ca = IDCO
1
3T T
€4 = Cp = Cg = =0

Taking ¢y = 0 and e7 £ 0 we obtain

1
Cg = —507
5
€9 = 7507
1
C10 = _ECT!
and so on. In this case we obtain the two solutions
y1=1—lx—|—ixg—ix3 and y2=m7—l$8—|—img—imw—|—---

2 10 120 2 36 36
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33. (a) From t = 1/ we have dt/dr = —1/2% = —t2. Then

d dy dy dt g2 dy

dz  dt dz dt
and
dy d (dy d o dy o d?y dt  dy dt 4 d%y de
@—a(a)—a(—t ) " w\MEw) Tttt w
Now
d?y 4 Ay dy dﬁy 2 dy
407Y _ 3 < ay _
“Td:c?Jr)‘y t4( dt2+2t dt)Jr)“ dt2 +tdt+)‘y 0
becomes
d*y dy

(b) Substituting y = > 77g ct"*" into the differential equation and collecting terms, we obtain

ig + 2(; + My = (r2 +r)eot" + (r2 + 30 + 2)eyt”
oo
k=2

which implies
r2+r=-r(r+1) =0,
(-r'2 + 3r 4+ 2) c; =0,
and

(k+7)(k+r+1)cg + Acg_2 = 0.
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Assn 19

The indicial roots are r; = 0 and r9 = —1, so ¢; = 0. For r; = 0 the recurrence relation is
ACk_2
= — , k=234,...,
and
A
Ca = —QCD
C3 =05 =C7 = =0
AZ
C4 = ECO
)\?’1
i)
om = (1) G e
For ro = —1 the recurrence relation is
Ack_2
= — , k=234,...,
k Kk—1)’ s I
and
A
C2 —ECO
C3 = Cgp = C7 = =10
A?
Cq4 = EC{I
)\ﬂ
=(—1)" .

The general solution on (0, oo) is

o0 V/_ 5
= At)="
sz 21+ + 2

Mk

T

[a—

L
>
=
=

1 00 _1ym .
- ?[01?;—(2('71 +)1)!(~/Xt)2 i +an=0

= %[Cl sin VAt + Cp cos VA ],

(c) Using t = 1/, the solution of the original equation is

y(r) = Cizsin ﬂ + Chz cos ﬂ :
T T
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