Assn 18

15. The singular points of (z? — 25)y” 4 22y’ + y = 0 are —5 and 5. The distance from 0 to either of

these points is 5. The distance from 1 to the closest of these points is 4.

17. Substituting y = 352, cpx™ into the differential equation we have

[0 0] (s o] (s o] Lo o]
Y —zy=3 nn—1epz" 2 =Y cpz" = 3" (k+2)(k + Dopgoz® — 3 cp_ia®
n=2 n=>0 k=0 k=1
k=n—2 k=n+1
(o %]
=203+ 3 [(k+2)(k + 1)cry2 — cp—1]z* = 0.
k=1
Thus
Ccag = 0
(k + 2:](k‘+ 1:](:_;;_,_2 —cp_1 =10
and
Cpig = L c k=1,2.3
Choosing cp = 1 and ¢; = 0 we find
1
03 == E
cg=c5=10
1
“= 180
and so on. For ¢g = 0 and ¢; = 1 we obtain
Cy = 0
oy — 1
T
s =cg=10
_ 1
7= 504
and so on. Thus, two solutions are
1 4 R 1 4 1 -
=14 = _ d — il T
R T R L TR Y
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Assn 18

19. Substituting y = Y0~ cpz” into the differential equation we have

s 4] o0
y' =2z +y=> nn-— epz™ 2 — 2 > nepz” 4+ ) epz”
n=1 n=0

P —

k=n k=n

s %] o0 s 4]
= Y (k+2)(k+ Deggoz™ — 23 kepr® + 3 cpa®

= 2y + o + i[(k + 2)(k + 1)cpye — (2k — 1))z = 0.

k=1 k=0

k=1
Thus
2e04cop=10
(k+2)(k+1)cga — (2k — 1) =0
and
1
o = 290
2k —1
Cpig = ——-—— k=1,2,3,....
2k +2)(k+ 1) .
Choosing cp = 1 and ¢; = 0 we find
1
2=73
C3 =05 = C7T =10
1
C4=—§
B T
@~ 7310
and so on. For ¢g = 0 and ¢; = 1 we obtain
cg=cyg=cp=--=0
1
ngg
1
Y
1
T
and so on. Thus, two solutions are
1o 14 T 4 I3, 15
=1 _ g2 _Zp4_ " .8 ... d — = =
1 21‘ 81‘ 2401' an Y2 :c—l—ﬁ:c —|—243:—|-

1
—
112
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21. Substituting y = 3,7~ cpz" into the differential equation we have

o0 =0 o0
yn + _sz; + oy = z n(n o I)Gn.l“n_Q—i— z _ncnl,n+1 + z Cﬂ$n+1
n=2 n=1 n=0

k=n-2 k=n+1 k=n+1

0
Zk—l—? k41 )Ck+21‘ —I—Z —18_;; 1T +Z"3k 11‘
k=0 k=2 k=1

00
= 2c9 + 683 + Co Z k + 2 l)c_:H_g + Fcck_l]:ck = 0.

Thus
cg =10
beg +co=10
(k + 2)(k + l)c_:c_,_g +kep_1 =0

and

co=10

1
c3 = _ECD

k
c = 1, k=2,34,....

Choosing cp = 1 and ¢; = 0 we find

!
=g
ca=0c5=0
1
“TE
and so on. For ¢g = 0 and ¢; = 1 we obtain
03=U
oy — 1
1776
5 =c5=0
5
7= 252
and so on. Thus, two solutions are
1 1 1 5 -
=1—= I B d — o 4 T ...
s 6%+ 3 e B=ro gl ot
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23. Substituting y = >>72, cpx™ into the differential equation we have

L o) 4] e )
(z—1y"+y =3 nn—1epz" 1 =¥ n(n—1)cpz" 2+ Y nepz™
n=2 n=2 n=1
k=n—1 k=n—2 k=n—1
[ 4] o0 L o)
= 3" (k+ Dkegaz® = 37 (k+2)(k + Deggoz® + 3 (k+ Vegyq2”
k=1 k=0 k=0

et
= —2c+c1 + Z[(k + 1)kegpr — (B +2)(k+ 1)cpq2 + (K + l)ck+1]$k = 0.

k=1
Thus
—2c04+c1 =10
(k+ 1201 — (k+2)(k+ 1)cppz =0
and
'32—2 1
kE+1
CFC—I—Q:mck—I—l: k=112131
Choosing cp =1 and ¢; =0 we find ecp =3 =c4 =--- = 0. For ¢g = 0 and ¢; = 1 we obtain
1 . 1 . 1
82_2.‘ 3_3! 4_43

and so on. Thus, two solutions are

1 1 1
=1 and gp=z+zritorit oty
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25. Substituting y = Y02 ¢px" into the differential equation we have

[+ 4] oo oo e 4]
V' —(z+ 1)y —y =3 nn-1)cpz" 2= ¥ nepz" — Y nepz™ -3 cpa”
n=2 n=1 n=1 n=0
o g o S—
k=n—2 k=n kE=n—1 k=n
e 4] oo 00 e 4]
=Y (k+2)(k+ Vcgoz® — 3 kega® — ST (k+ ez = Y 2t
k=0 k=1 k=0 k=0

=20 —c —cp+ i[(k + 2)(k + Degga — (k+ epgr — (k + Dep]z® = 0.

k=1
Thus
20— —cp=0
(k+2)(k+1)cpi2 — (K +1)(Cpy1 +cx) =0
and
_a+tca
2=
Cp+1 + Ck
=— k=1,2,3....
Cr+2 k+2 1 &y D
Choosing cg = 1 and ¢; = 0 we find
1 . 1 . 1
82_2.‘ 3_6! 4_63
and so on. For ¢g = 0 and ¢; = 1 we obtain
1 . 1 . 1
82_2.‘ 3_2! 4_43
and so on. Thus, two solutions are
1 1 1 1 1 1
y1=1+§$2+6x3+6x4+--- and y2=m+§$2+§$3+13:4+---.
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27. Substituting y = Y02 ¢px" into the differential equation we have

s %] o0 [ ¥] s 4]
(.12 + Q)y” +3zy —y=Y_ nn—1Decaz" +23_ n(n— )enz™ 2 43 > nepz™ — Y cpa”
n=1 n=0

n=2 n=2 =
" " " m— —
k=n k=n—2 k=n k=n
(s 4]
=Zk(k—1)ck:£ —1—22 E+2)(k+ ]ck+2:c —|—32k8k1‘ —chx
k=2 k=0 k=1 k=0

oo

= (dcs — o) + (12¢5 + 2¢1)z Z[HQ k+Vekga + (K 42k — 1) o) 2" = 0.

Thus
deg —ep =10
12¢9 + 21 =10
2(k +2)(k+ Dexga+ (K2 + 2k — 1) o =0
and
1
02—4'30
1
C3=—E1’_31
k2 42k —1
Cpiz = — cx, k=2,3.4,....
Choosing cg = 1 and ¢; = 0 we find
1
271
Cy = Cy = C7 = =10
o 7
BT
and so on. For ¢g = 0 and ¢; = 1 we obtain
cp=cg=cg=--=0
1
=
T
= 120
and so on. Thus, two solutions are
1 7 1
y1=1+1:c?—%:c4+--- and ygz:r—a;rg—i—m:cE—
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29. Substituting y = Y02 cpz" into the differential equation we have

o0 [ 4] e )
(z—1)y" — 2t/ +y=> nn—1)c, z n(n —1)epz™ 2 — 3 nepa” + 3 cp2”
n=2 n=2 n=1 n=>0
- y y —
k=n—1 k=n-2 k=n k=n
(o0} o0 o0 (o0}
Z Fcck+1xk — Z (k+2)(k+ 1:]6_;;+2$k — Z kepr® + Z cpz®
k=1 k=0 k=1 k=0

=20+ cp + i[—(k + 2)(k + 1)cpy2 + (B + Dkepyq — (k — ez = 0.

k=1
Thus
—2004+¢cp=10
—(k+2)(k+ 1)cgyo + (K + 1)kcgrr — (k—1)cp. =0
and
_1
g = QCIJ

keppa (k —1)cg

Chyo = — , k=1,23....
2T 2 (k+2)(k+1) e
Choosing cp = 1 and ¢; = 0 we find
1,1
02_2‘ 3_6‘ 4_241
and so on. For ¢g = 0 and ¢; = 1 we obtain ¢ = ¢35 = ¢4 = - -- = 0. Thus,

1 1
y=0C (1+§x2+6:c3+---)+02x
and

1
y =Cy (x+§$2+---) + Cs.
The initial conditions imply € = —2 and C5 = 6, s0

1 1
y=—2(1+§x2+6x3+---)—|—6:£=8:c—2€“:.
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31. Substituting y = 372, cpx" into the differential equation we have

a0

y' —2zy' + 8y = n(n— ez —QZnenr +Sch
n=2 .
k=n-—2 k=n k=n
oo
Z k+l)ck+2r —QZLC;‘;I +82<‘.k.1”
k=0 k=1 k=0

o0
=2cp +8cg + 3 [(k +2)(k + L)ceta + (8 — 2k)cg]z® = 0.

k=1
Thus

200 +8cg =10

(k+2)(k+ 1)cpqo + (8 — 2k)ep =
and
co = —4cg
2(k —4)
= © . kE=1.23,....
2T Ry k1) " i
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Choosing cp = 1 and ¢; = 0 we find

cg = —4
Cy = C5 = C7y = =0
. _4
173
cg=cg=cpg=---=0
For cp = 0 and 1 = 1 we obtain

09 =04 =0Cf= =0
g3 = —1

1
e = —
510

and so on. Thus,

4 1
y=0C1 (1—4;r2+§;r4)+Cg(;r—;r3+ﬁ;r5+---)

and L6 )
y =Cy (—8;r + ?;rS) + Ch (1 — 32+ §;r.4 4 - ) .

The initial conditions imply €y = 3 and C5 = 0, so

+
y=3 (1 — 42?4 E.r“i) =3 — 1227 4 4a*,
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33. Substituting y = >>72, cpx™ into the differential equation we have

. > _ 1 1
Y'+ (sinz)y = 3 n(n —1)caa™ % + (3: - E:CS + ﬁzs' — ) (co+ 1w+ cpa® +--+)
n=2

1
= [262 + sz + 12c42% + 20c52” + - } + {co:c + ez + (02 — —89) x4 ]

G
1
=202+(603+cu)13+(1204+cl)132+(2005+09—Ecﬂ)133+---=0.
Thus
200 =0
beg +co=10
12c4+e1 =0
1
2005+82—560=0
and g =
o — 1
3= 600
1
C4=—E81
SR .
T R DT
Choosing cp = 1 and ¢; = 0 we find
1 1
co =0, B=-z =0, =175
and so on. For ¢g = 0 and ¢; = 1 we obtain
=0 c3 =10 cq = L =0
02_ b 3 =4, 4 = 12‘ CE_
and so on. Thus, two solutions are
1 1 1
yp=1— =23 4+ —1°4 .- and p=r— —zit. ...

6 120 12

35. The singular points of (cos z)y” + 3/ + 5y = 0 are odd integer multiples of 7/2. The distance from
0 to either £m/2 is w/2. The singular point closest to 1 is 7/2. The distance from 1 to the closest

singular point is then 7/2 — 1.
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