Assn 15

1. The auxiliary equation is m? — m — 2 = (m + 1)(m — 2) = 0 so that y = c;2~! 4 cp2?.
3. The auxiliary equation is m? = 0 so that y = ¢; + co Inz.
5. The auxiliary equation is m? 4+ 4 = 0 so that y = ¢y cos(2Inz) + cysin(2In z).

7. The auxiliary equation is m? — 4m — 2 = 0 so that y = .-::1:::'2_“';g + cg:cQJ”/ﬁ-.

9. The auxiliary equation is 25m? + 1 = 0 so that y = ¢ cos (% In :c) + co sin (% In :c)

11. The auxiliary equation is m? 4 4m + 4 = (m + 2)% = 0 so that y = c;272 + oz 2In 2.

13. The auxiliary equation is 3m? + 3m + 1 = 0 so that

y = /2 [cl cos (%glnm) + e sin (%glnm)] )

15. Assuming that y = 2™ and substituting into the differential equation we obtain
m(m—1)(m—2) —6=m> —3m? + 2m — 6 = (m — 3)(m? +2) = 0.

Thus
y = c12° + e cos (v@lnx) + ez sin (w/iln :s) .

17. Assuming that y = 2™ and substituting into the differential equation we obtain
m(m — 1)(m — 2)(m — 3) + 6m(m — 1)(m — 2) = m* — Tm? + 6m = m(m — 1)(m —2)(m+ 3) = 0.

Thus

y=c1+cor+ 0332 + :34.1::_3.

19. The auxiliary equation is m? — 5m = m(m — 5) = 0 so that y, = ¢ + cox° and

Wi(lLa5) =] | gy
,r7) = = 5z°.
(L 0 b5zt
Identifying f(r) = z* we obtain uj = —4z% and uh = 1/52. Then w3 = —5=2°, ug = Lt Inz, and

1 1 1
Y= c1 + e — %ES—I—E:EEIH.T:C]_ —|—C3$5—|—§.’£511133‘.
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21. The auxiliary equation is m? — 2m 4+ 1 = (m — 1)® = 0 so that ¥, = ¢;2 + coxInx and

r zhhz

Wiz, zlnz) = | 14z

Identifying f(zx) = 2/2 we obtain v} = —2Inz/x and ub = 2/2. Then w3 = —(Inz)?, us = 2In,

and
y=ciz+czlnz — z(lnz)? + 2z(In $)2
=r:1:c+c:2xlnx+:r(lnm)2, r > 0.
23. The auxiliary equation m(m — 1) +m — 1 = m? —1 = 0 has roots my; = —1, ms = 1, so

Ye = 127t + com. With yy; = 271, yo = 2, and the identification f(z) = Inz/2?, we get
W =271, Wi=—Inz/z, and Wy =Inz/z5.

Then u} = Wi /W = —(Inz)/2, u = Wo/W = (Inz) /222, and integration by parts gives
1 1

U = - ——xlnzx
2 2
1 1
uQ=—§3: 111'1:c—§:c L
80
=u +u —(lzc lxlnx)x_l—i-( lx_llnzc 1:{:_1)1:— Inz
Yp = U1 2t = 5 5 5 5 =
and

y=ye+yp=81$_1+c:2x—lnx, x> 0.

2

25. The auxiliary equation is m? +2m = m(m +2) = 0, so that y = ¢; + cor—2 and

1y = —2coz3. The initial conditions imply
cg+e=0
—2c0 = 4.

Thus, ¢; = 2, o = —2, and y = 2 — 22~2. The graph is given to the right.
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27. The auxiliary equation is m? + 1 = 0, so that

y = cycos(Inz) 4 epsin(In z)
and [N I T R R R

1 ‘ 1 I I I 5::' | | I T ”;{;;
! = —cy—sin(l — In z).
1y clmsm(n;r)—l—chcos( nr) . $

The initial conditions imply ¢; = 1 and e = 2. Thus

y = cos(lnz) + 2sin(lnz). The graph is given to the right.

29. The auxiliary equation is m? = 0 so that y. = ¢1 + coInz and

1 Inzx 1
Wil,Inz) = = -,
0 1/x T
Identifying f(z) =1 we obtain vj = —rlnz and u) = z. Then
U = %32 — %32 Inz, us = %xz, and
1o 1, l o 1 5
y=ci+echnr+ - —=r*Inr+ =clnr=c; +eolnz + -2,
4 2 2 4
The initial conditions imply ¢; +% = 1 and @—l—% = —% . Thus, ¢; = % ,c0=—1,

and y = % —Inz + %1‘2. The graph is given to the right.

31. Substituting r = €' into the differential equation we obtain

dgy dy
— + 83— — 20y = 0.
dt? + dt Y

The auxiliary equation is m? + 8m — 20 = (m + 10)(m — 2) = 0 so that

y= cre” 1% 4 cpe? = 10 4 epa?,

33. Substituting x = €' into the differential equation we obtain

d’y  .dy 2

0 gy =

az YT
The auxiliary equation is m? +9m 4+ 8 = (m + 1)(m + 8) = 0 so that y. = cie™" + cpe™™. Using

undetermined coefficients we try 1y, = Ae®. This leads to 304e* = %, so that A = 1/30 and

13

1 1
Bt 2ol g8y 2

ot
y=oe o A4 age 30
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35. Substituting r = €' into the differential equation we obtain

d?y  dy
— 4= + 13y =4+ 3€.
dt? dt + oy +ae

The auxiliary equation is m? —4m+13 = 0 so that 1y, = e*(

cq cos 3t+co sin 3t). Using undetermined

coefficients we try y, = A+ Be'. This leads to 134+ 10Be* = 4 + 3¢, so that A =4/13, B = 3/10,

and ) ,
2t . t
=g 3t 3t — 4 —e
y = e“"(cy cos 3t + co sin )+13+10€
= 22 [c1 cos(3Inz) 4 cpsin(31Inz)] + 1 + i:g
13 10
we use the substitution t = —x since the initial conditions are on the interval

(—nc,0). In this case
dy dydz  dy
dt drdt dx

and
Py _d(dy\_d( dy\_ do  d/de_ dyde Py
dt2  dt\dt) dt\ dr) At drdt  de?dt da?’
37. The differential equation and initial conditions become
L (t)} =2, ()] =-4
dt? y 1 y =1 1 y =1 )

The auxiliary equation is 4m? — 4m + 1 = (2m — 1)? = 0, so that
1 1

Y = 1::1t1‘;2 + oztlﬁ Int and o' = Eclt_lfz + co (t‘lf? + 5??_1’;2 In t) .

The initial conditions imply ¢; = 2 and 1 + 2 = —4. Thus

y =22 — 5tY21nt = 2(—2)Y2 — 5(—2)2In(—2), =z<0.

39. Letting u = z + 2 we obtain dy/dz = dy/du and, using the Chain Rule,

d%y _d fdy\ d?y du B dzy“) B d?y
de?2  dr \du) du?dr du2 du’
Substituting into the differential equation we obtain
d2y dy
2 — — —
gt Y 0.

The auxiliary equation is m? + 1 = 0 so that

y = ¢y cos(Inu) + ez sin(lnu) = ¢ cos[In(z + 2)] + easin[In(z + 2)].
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41. For z%y" = 0 the auxiliary equation is m(m — 1) = 0 and the general solution is y = ¢; 4 coz. The
initial conditions imply ¢; = yp and ¢ = 1, s0 y = yp + y12. The initial conditions are satisfied

for all real values of yy and 4.

For 2%y — 2xy + 2y = 0 the auxiliary equation is m? — 3m + 2 = (m — 1)(m — 2) = 0 and the
general solution is y = ¢z + cox?. The initial condition y(0) = yp implies 0 = 1y and the condition
1/ (0) = 4 implies ¢; = y;. Thus, the initial conditions are satisfied for 1 = 0 and for all real values
of y1.

For 2%y’ — 4zy + 6y = 0 the auxiliary equation is m? — 5m + 6 = (m — 2)(m — 3) = 0 and the
general solution is y = ¢;22 + copx®. The initial conditions imply y(0) = 0 = yo and 3/(0) = 0. Thus,

the initial conditions are satisfied only for yp = y; = 0.
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