Assn 13

1. From m?+ 3m + 2 = 0 we find my; = —1 and mo = —2. Then Yo = cre” " + coe™2% and we assume
yp = A. Substituting into the differential equation we obtain 24 = 6. Then A =3, ¢, = 3 and

y=cire " 4 cpe 2% 4 3.

3. From m? — 10m + 25 = 0 we find my = mo = 5. Then Yo = c1€9% + core® and we assume
yp = Ax + B. Substituting into the differential equation we obtain 254 = 30 and —104+ 258 = 3.
Then .4=§,B=%,yp g:c—i-%,and

6 3
Y= 16" + core™ + —z + =
5 5
5. From %mz +m+1=0we find m; = mg = —2. Then vy, = c1e2* + core 2* and we assume
Yp = Az? + Br 4+ C. Substituting into the differential equation we obtain A = 1, 2A 4+ B = —2,
and %A—i—B—I—C:O. Then A=1,B= -4, C= %, UYp =x2—4:c+%, and
T
y=rcie 4 eore 2 4 2% —dr + 3
7. From m?2 4+ 3 = 0 we find m; = v3i and ms = —+v/3¢. Then Yo = c1cosv3z + casiny/3z
and we assume iy, = (Azx? + Bz + C)e®*. Substituting into the differential equation we obtain
2A4+6B+12C =0, 124+ 12B = 0, and 124 = —48. Then A = -4, B =4, C = —% ,
Yp = (—41'2 4 dx — %) e and

4
y=cpcosV3z+ cosin 3z + (—43:2+4:r— 5) 37,

9. From m? — m = 0 we find m; = 1 and mg = 0. Then Yo = c1€” 4 c2 and we assume y, = Az.
Substituting into the differential equation we obtain —A4 = —3. Then A = 3, y, = 3z and
y =ci1€° + co + 3.

11. From m? — m +% = 0 we find my = mo = % Then y. = c1€%/2 + core®? and we assume

Yp= A+ Br2e%/2. Substituting into the differential equation we obtain %A =3 and 2B = 1. Then
A=12 B= %, yp =12+ %xﬁem, and

x/2

1
y=cre’* + come®? 4112 + §:c2€ﬂ2.

13. From m? + 4 = 0 we find m; = 2i and mg = —2i. Then vy, = ¢; cos 2z + ¢ sin 22 and we assume
Yp = Arcos2r 4 Brsin2r. Substituting into the differential equation we obtain 4B = 0 and
—4A =3. Then A = —% , B=0,1y,= —%xcos?x? and

3
Y = ¢y cos 2 + cg sin 2 — 1:3(3052:3.
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15.

17.

19.

21.

23.

25.

From m? +1 = 0 we find m; = i and ms = —i. Then Ye = €1COST + cosinx and we assume
yp = (Az? + Bz)cosz + (Ca? + Dxz)sinz. Substituting into the differential equation we obtain
4C=0,2A4+2D =0, 44 =2 and 2B+2C =0. Then A= -3, B=0,C=0,D = 3,
Yp = —%32 COST + %:c sin x, and

1 1
Y =cpcosr + casine — E:rﬁcosm—l— E:csin:s.

From m? —2m +5 = 0 we find m; = 1 +2i and mo = 1 —2i. Then Yo = e”(cy cos 22 + ep sin2x) and
we assume y, = Aze® cos2r + Bre®sin2zx. Substituting into the differential equation we obtain
4B =1and —44A=0. Then A=0, B = %  Up = ixe‘” sin 2z, and

1
y = €"(¢1 cos2x + cosin 27) + Emex sin 2.

¥ and we assume

From m? + 2m +1 = 0 we find my = ma = —1. Then Ye = 17" + come™
Yp = Acosz + Bsinz + C'cos 2z + Dsin2zx. Substituting into the differential equation we obtain
2B=0, 2A=1,-3C+4D=3,and ~4C —3D =0. Then A=-1 B=0,C= -5, D=2,

—_1 _ 3 125
Yp = —5 COST — 3¢ €08 27 + 5= sin 2z, and

_ _ 1 9 12 .
y=cie” " + come ":—Ecosx—ﬁcosﬁc—i— ﬁst:c.

From m3 — 6m? = 0 we find m; = ms = 0 and ms = 6. Then Ye = C1 + CoT + c3e% and we assume
Yp = Az? 4+ Beosz + Csinz. Substituting into the differential equation we obtain —124 = 3,
68B—C=—-1,and B4+6C =0. Then A = —%, B = —%, O = i?, Yp = —%i:cQ—Sﬁcos:c—i-S—l?sinx,
and

Y = €1+ car + 3% — 1.:-:2 - Ecos:i:—i——sin:::

4 a7 ar '

From m?® — 3m?2 +3m — 1 = 0 we find my = my = ms = 1. Then Yo = C1€° + coxe” + car?e® and
we assume iy, = Ar + B + Cz3e®. Substituting into the differential equation we obtain —A = 1,
34 - B=0,and 6C = -4, Then A= -1, B= -3, = —%, Yp = —:3—3—%:339.“’, and

2
T _p 3 g3
e T 333

y = c1€° + coze® + c3r? e’
From m* + 2m? + 1 = 0 we find m; = m3 = i and mg = myg = —i. Then y, = ¢ cosz + cosinx +
37 COS T + c4r sinx and we assume y, = Az? + Bx + C. Substituting into the differential equation

we obtain A=1, B= -2, and 444+ C=1. Then A=1, B= -2, C = -3, yp=$2—2:r—3, and

y= clcos:c—i—czsinx—i—cyccosm—l—q:csinr—i—:nz — 2x — 3.
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27.

29.

31.

33.

35.

37.

We have y. = c1 cos 2z + ¢z sin 2 and we assume y, = A. Substituting into the differential equation

we find A = —%. Thus y = ¢ cos 2z + e 5in 22 — % From the initial conditions we obtain ¢; = 0
and cp = \/5, 50 Y = V2 sin 2z — %

We have y, = c1e%/5 +¢; and we assume Yp = Az?+ Bz. Substituting into the differential equation
we find A = -3 and B = 30. Thus y = c1e”® 4 ¢g — 322 4 30z. From the initial conditions we
obtain ¢; = 200 and e = —200, so

y = 200e~*/5 — 200 — 322 + 304.

We have y. = e=2%(cy cosx + ¢y sin ) and we assume Yp = Ae~%*, Substituting into the differential

equation we find A = 7. Thus y = e ?*(cy cosz + ca sinz) 4 Te~**. From the initial conditions we
obtain ¢y = —10 and ¢ = 9, s0

y=e 2(—10cosx + 9sinz) + Te 4%,
We have z, = ¢; coswt + epsinwt and we assume x, = Af coswt + Bt sinwt. Substituting into the

differential equation we find A = —Fp/2w and B = 0. Thus » = ¢; coswit+co sinwt—( Fp/2w)t cos wt.

From the initial conditions we obtain ¢; = 0 and ¢3 = Fp/ 2uw?, 50
z = (Fy/2w?) sinwt — (Fp/2w)t coswt.
We have y. = c1 + cze” + c3ze® and we assume y, = Az + Bz?e® + Ce®®. Substituting into the
differential equation we find A =2, B=—12, and C' = % . Thus
Y= ci + c2e” + care® + 2z — 122%% + %e&".
From the initial conditions we obtain ¢y = 11, g = —11, and ¢35 = 9, s0

1
y=11— 11 + 9ze® + 2z — 122%" + 535&'_

We have 1. = c¢; cosz +cpsin z and we assume i, = Az? 4 Bx+C'. Substituting into the differential
equation we find A=1, B=0, and C' = —1. Thus y = ¢y cos = + e2sinz + 2> — 1. From y(0) =5
and y(1) = 0 we obtain

c1 — 1=5

(cosl)ep + (sinl)ca = 0.
Solving this system we find ¢; = 6 and cp = —6 cot 1. The solution of the boundary-value problem
is

y = Gcosz — 6(cot 1) sinz 4+ 22 — 1.
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39. The general solution of the differential equation 3 + 3y = 6z is y = ¢1 cos/3z + co sin +/3z + 2.
The condition y(0) = 0 implies ¢; = 0 and so y = co sin v/3z + 2z. The condition y(1)+4(1)=0
implies 2 sin /3 4 2 4 c2v/3 cos /3 4+ 2 = 0 s0 ca = —4/(sin v/3 + v/3cos v/3 ). The solution is

—4sinw./§x
Y = — + 2.
sin 1_/§+ ﬁcosu@

41. We have y. = c1cos2z + c25in 22 and we assume yp = Acosz + Bsinz on [0,7/2]. Substituting
into the differential equation we find A =0 and B = % . Thus y = ¢1 cos 2z + c2sin 2z + % sinx on
[0,7/2]. On (7/2,00) we have y = c3cos2z + ¢4sin 2z. From y(0) =1 and »'(0) = 2 we obtain

Cl=1

1
=+ 200 = 2.
3+ C2

Solving this system we find ¢; = 1 and ¢ = £. Thus y = cos 2z + Zsin2z + Lsinz on [0, 7/2).

Now continuity of ¥ at = 7/2 implies

! 1 T
COST + —sinmT+ —s8in — = c3cosm + cysin
6 3 2
or —1 + % = —c3. Hence c3 = % Continuity of ¢/ at x = /2 implies
] 5 1 T .
—2sinT + gcos*:r + gcos ) = —2cysinm + 2cq4cosT
or —% = —2¢4. Then ¢4 = % and the solution of the initial-value problem is

(x) {cos?x—i—%sin?m—i—%sinx, 0<z<7/2
yr) =

%cos?:r—i—%sin?:c, T >m/2.
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43. (a)

(b)

(c)

45. (a)
(b)
(c)
(d)

From yp = Ae* we find y, = Ake*” and yj = Ak%¢*. Substituting into the differential

equation we get

aAk2e® + bAke®® + cAe™ = (ak? + bk + ) Ae*T = 7,

so (ak? + bk +c)A = 1. Since k is not a root of am? 4+ bm 4 ¢ =0, A = 1/(ak? + bk + ¢).

From y, = Aze*” we find yj, = Akze™ + Ae** and y) = Ak?zer” 4+ 2Ake*”. Substituting into
the differential equation we get

aAk*ze® + 2aAke®™ + bAkze®™ + bA® + cAze™®
= (ak? + bk + c) Aze®® 4 (2ak + b) Ae*”
= (0)Aze™™ + (2ak + b) Ae*™ = (2ak 4 b) Ae™ = €

where ak? + bk + ¢ = 0 because k is a root of the auxiliary equation. Now, the roots of
the auxiliary equation are —b/2a + VB2 — dac /2a, and since £ is a root of multiplicity one,
k # —b/2a and 2ak + b # 0. Thus (2ak +b)A =1 and A =1/(2ak + b).

If k is a root of multiplicity two, then, as we saw in part (b), k = —b/2a and 2ak + b = 0.
From y, = Az%e** we find Yp = Akz?e*® + 2Axe*” and Yp = Ak222ekT 4 A Akzer™ = 246,
Substituting into the differential equation, we get

aAk?22e*® 4 daAkze®® + 2aAe™ + bAkx?e*® 4 2 AxetT + cAxF®
= (ak? + bk + c)Az2e*® 4+ 2(2ak + b) Aze®® + 2aAet”
= (0)Ax2er® 1 2(0)Azek® + 20.4eM = 204" = F7,

Since the differential equation is second order, a # 0 and A = 1/(2a).

f(z) = e*sinz. We see that y, = ccasz — ocand yp — 0 as r — —o0,
f(z) = e™*. We see that y, — oo as z — oo and yp — o0 as z — —oc.
f(z) = sin2z. We see that y, is sinusoidal.

f(z) = 1. We see that y, is constant and simply translates v, vertically.
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