Assn 11

1. Define y = u(x)e?® so
Y = 2ue® +u'e®, o = e®u” + 46y + 4e*Tu, and y" — 4y + 4y = ¥u" = 0.

Therefore u” = 0 and u = ¢yx 4+ co. Taking ¢y = 1 and ¢3 = 0 we see that a second solution is

yp = re?®,

3. Define y = u(zx) cos 4z so
Yy = —4usindr + v’ cos4z, 1 =u"cosdr — 8u'sindxr — 16u cos 4z

and
Y’ + 16y = (cos 4z)u” — 8(sindz)u’ =0 or " — 8(tandz)u’ = 0.

If w = v’ we obtain the linear first-order equation w’ — 8(tan 4x)w = 0 which has the integrating

B [tandzdr _ 662 47 Now

d
— [(cos®4z)w] = 0 gives (cos? 4z)w = c.

dx

Therefore w = u’ = csec? 4z and u = c1 tan4z. A second solution is y2 = tan 4z cos 4z = sin 4.

factor e~

5. Define y = u(x) cosh x so
y' =usinhz + ' coshz, 1" =u"coshz + 2u’sinhz + ucoshx

and
y" —y= (coshz)u” 4+ 2(sinhz)u’ =0 or u"+ 2(tanhxz)u’ = 0.

If w = ' we obtain the linear first-order equation w’ + 2(tanh z)w = 0 which has the integrating

2 f tanh x dx

factor e — cosh?z. Now

d
- [(cosh® z)w] = 0 gives (cosh®z)w =c.

Therefore w = o' = esech? z and u = ctanh z. A second solution is yo = tanh z cosh z = sinh z.
7. Define y = u(:c)ezxﬁ 50

2 4 4

and
9y" — 12y + 4y = 923" = 0.

Therefore u” = 0 and u = ¢y 4+ co. Taking ¢y = 1 and ¢3 = 0 we see that a second solution is

Y = T/,
9. Identifying P(z) = —7/z we have

(—7
yg=$4f€7dx=x‘j‘[%d$=xdln|:r|.

A second solution is yo = 2% In |z|.
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11. Identifying P(z) = 1/r we have
e—Jaz/z dr 1
A second solution is yo = 1.

13. Identifying P(z) = —1/z we have

= f —dx/x

: _ x
1o = xsin(In x) f m dr = xsin(In x) f m dr
2
= zsin(Iln z) f Md&: = [zsin(In z)] [~ cot(In )] = —z cos(In z).
T

A second solution is yo = z cos(Inzx).

15. Identifying P(z) = 2(1 4 z)/ (1 —2r — :ci)) we have
o~ [ 2(1+2)dz/(1-22—27)

CESE

ln(l—Z:r—:rzjl

= (z+1) [

2

1—2x—=x 2
:(:c—i-l)fwd:r:(x—i-ljf[m—l]dx

=(x+1) — }:—2—1‘2—:::.

r4+1

A second solution is yo = 2% + = + 2.

17. Define y = u(x)e™?* so

yr _ —21&2_23: + H_:e_za:’ yn _ “_ne—?x o 4“_13—2:: + 4ue—2:r

and
Yy —dy=e Py —4e7 0 =0 or v — 4 =0.

If w = ' we obtain the linear first-order equation w’ — 4w = 0 which has the integrating factor

e~4f 4 — o4 Now p

—dax . —Ar
—le""w| =0 gives e Tw=-rc
eyl g
Therefore w = u' = ce®® and u = c1e*®. A second solution is 7o = e 2%e*® = ¢2*. We see by
observation that a particular solution is y, = —1/2. The general solution is
—2x 2x 1

y=cie = +coe —3
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19. Define y = u(z)e” so
y =ue® +u'e”, Yy =u"e" +2'e” + ue”
and
Y — 3 + 2y = eu” — *u = 5e™.

If w = u' we obtain the linear first-order equation w’ — w = 5¢** which has the integrating factor

e=Jd% — ¢=2 Now
d
—[e7w] = 5e” gives e Tw =5e” + ;.

dr

Therefore w = ' = 5¢** + ¢1e® and u = %e% + ¢1€* + ¢o. The general solution is

5
Yy =ue’ = 5831 + 162 + coe”.

Page 3




Assn 11

21. (a)

(b)

(c)

For mj constant, let iy = e™*. Then 3} = m1e™ and 3 = m{e™?. Substituting into the
differential equation we obtain
ayl + by] + cyy = amie™® 4 binge™T 4 ce™?
= ™% (am? + bmy + ¢) = 0.
Thus, y; = €™* will be a solution of the differential equation whenever am% +bmy +ec=0.
Since a quadratic equation always has at least one real or complex root, the differential equation

must have a solution of the form 3, = ™7,
Write the differential equation in the form
b c
Y+ —y +-y=0,
a a
and let y; = e"* be a solution. Then a second solution is given by

- e—b:cfa
Y2=¢€ f e2mir dz

_ _m1x[e—(bfa+2m1)xdx

1 miz —(b/a+2mq )z
= — ] —b/2
b/at2m e™MTe (my # —b/2a)
__ 1 —(bfatmy)z
b/a + 2my
Thus, when m; # —b/2a, a second solution is given by ya = €™2* where mg = —b/a — m;.
When my = —b/2a a second solution is given by

Yo = emlrfdm = re™?,

The functions

1 . ; 1, . ;

sine = E(e” —e ) COST = E(ew +e )
: 1 » —x 1 . —x
51nhm=§(e —e ) coshmzi(e +e )

are all expressible in terms of exponential functions.
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